We revisit the HD ϩ molecular ion by starting from a definition of the nonrelativistic adiabatic Hamiltonian that recovers the isotopic splitting. The Hamiltonian is written in prolate spheroidal coordinates with the origin at the nuclear center of mass. This prescription for the adiabatic Hamiltonian implicitly contains the symmetrybreaking effects arising from the mass difference between the proton and the deuteron, and gives the correct asymptotic atomic reduced masses. We calculate potential-energy curves, vibrational energies, transition dipole moments, and coupling matrix elements for HD ϩ . In our adiabatic approximation, the isotopic splitting is recovered to nine significant digits at a value of Rϭ750a 0 . We investigate the dependence of the vibrational energies on the number of coupled electronic states, and compare with other calculations.
The Born-Oppenheimer ͑BO͒ Hamiltonian for the hydrogen molecular ion is one of the few Hamiltonians that separates in an orthogonal coordinate system. Due to this separability, H 2 ϩ and D 2 ϩ have been favorite molecules for detailed molecular structure calculations for nearly seven decades ͓1͔. Nearly all structure properties of H 2 ϩ and D 2 ϩ , including electronic wave functions, rovibronic energies, hyperfine levels, electronic transition moments, and polarizabilities, can be calculated with spectroscopic precision.
Recent microwave measurements on H 2 Rydberg electrons in high angular momentum states have brought highprecision calculations of H 2 ϩ and D 2 ϩ into vogue ͓2,3͔. Since the first nonmonopole term in the perturbative expansion of the Rydberg electron interaction with the ionic core is ␣/2r 4 , where r is the electronic coordinate, precise calculation of the core polarizability ␣ is essential ͓2,4,5͔. H 2 ϩ and D 2 ϩ do not possess permanent electric dipole moments. Hence electric dipole vibrational or rotational transitions in the infrared do not exist in H 2 ϩ and D 2 ϩ , and the spectroscopy is limited to the vacuum ultraviolet region.
Although HD ϩ is an isotope of H 2 ϩ , it differs from its homonuclear brethren in several respects. While the BO Hamiltonian for HD ϩ separates in prolate spheroidal coordinates ͑PSC's͒ just as for H 2 ϩ and D 2 ϩ , its symmetry under exchange of nuclei, gerade or ungerade, is broken owing to the mass difference between the proton and the deuteron. The so-called symmetry-breaking term in the HD ϩ Hamiltonian couples the nuclear and electronic degrees of freedom, and gives rise to the splitting of the adiabatic potentialenergy curves as the nuclei separate. An aspect of the mixing of the gerade and ungerade symmetries in HD ϩ is that the adiabatic potential-energy curves now nearly cross within each molecular symmetry, thereby inducing nonadiabatic transitions. ͑Potential curves of H 2 ϩ and D 2 ϩ exhibit real crossings.͒ Precisely for this reason, the lowest two adiabatic electronic curves in HD ϩ couple, and, at energies slightly larger than 29 cm Ϫ1 , charge transfer can occur. For energies in the ''mass gap,'' the rovibronic levels in the 2p excited electronic curve are no longer true bound states, and fragment into a proton and a deuterium atom.
Although the electron in the 1s and 2p molecular orbitals of HD ϩ tends to become localized on either the deuteron or the proton as the two nuclei separate, the energy separation of these two states affects the vibrational and rotational dynamics largely for energies near the dissociation limit. A far more profound influence on the physics of HD ϩ occurs because the geometric center and the nuclear center of mass do not coincide. A permanent electric dipole is thus formed in the ground and excited electronic states, thereby giving HD ϩ a vibration-rotation spectrum. Aside from fundamental interest, studies of the H ϩ ϩD and D ϩ ϩH reactions are important in aeronomy and astrophysics. In planetary atmospheres, charge-exchange interactions between abundant isotopic hydrogen neutrals and ions regulate the neutral distribution and escape from the atmosphere ͓6͔. The chemistry of deuterium in the postrecombination era of the early universe may depend on the charge transfer processes H ϩ ϩD→HϩD ϩ followed by H 2 ϩD ϩ →HDϩH ϩ ͓7͔. The latter reaction is a major source of HD in diffuse interstellar clouds ͓8͔. Determination of the D/H ratio also sets stringent constraints on models of big-bang nucleosynthesis ͓9,10͔.
Nearly all theoretical treatments of H 2 ϩ and its isotopes begin with a body-fixed coordinate system with the origin at the geometric center of the nuclei. Starting with the H 2 ϩ BO Hamiltonian in PSC's, electronic wave functions and energies are obtained as a function of the internuclear distance ͓11-13͔. This definition of the BO Hamiltonian cannot, of course, discriminate between the two dissociation limits, H ϩ ϩD and D ϩ ϩH. The modus operandi is to consider the symmetry-breaking term beyond the BO approximation. The mixing of the gerade and ungerade symmetries, within a degenerate perturbation expansion on the H 2 ϩ wave functions, is subsequently achieved by diagonalizing the symmetry-breaking operator, Ϫ(1/2 a )ٌ r •ٌ R , where 1/ a ϭ(1/m H )Ϫ(1/m D ). In the variational-perturbation approach ͓12͔, the symmetry-breaking term is treated as a secondorder perturbation to the standard adiabatic approximation, and bound vibrational energies with an accuracy of about 10 Ϫ3 cm Ϫ1 are obtained. The variational approach of Bishop and Cheung ͓14͔ avoids the adiabatic approximation altogether, and instead obtains the eigenenergies of the full Hamiltonian by variational optimization of a trial wave function. A unitary transformation has also been used to ͓15-20͔ move the symmetry-breaking term from the kinetic-energy operator to the potential-energy operator as reduced-mass dependent effective charges on the nuclei, z 1 ϳ1Ϫ1/4 a and z 2 ϳ1ϩ1/4 a .
An alternative approach was proposed by Macek and Jerjian ͓21͔, who wrote the HD ϩ Hamiltonian in mass-scaled hyperspherical coordinates ͑HSC's͒ and expanded the full wave function in the spirit of the BO approximation by treating the hyperradius as an adiabatic parameter. The HSC potential-energy curves that result for the two lowest states of HD ϩ give the isotopically split dissociation limits, even in the lowest order of approximation. The reason for this can be traced to the fact that, as in all HSC calculations, the adiabatic Hamiltonian commutes with the kinematic rotation operators, ensuring that the adiabatic Hamiltonian is invariant under orthogonal coordinate transformations. In the usual BO approximation, the electron kinetic-energy operator, however, does not commute with the kinematic rotations, and thus gives incorrect limits for dissociation.
Tolstikhin et al. ͓22͔ introduced an alternative hyperspherical coordinate system, the hyperspherical elliptical coordinates, for the general three-body Coulomb problem that is especially well suited for the molecular problem. In fact, in the limit of infinitely heavy nuclei, these coordinates reduce to the usual prolate spheroidal coordinates. A somewhat more general three-body Hamiltonian was developed by Solov'ev and Vinitsky ͓23͔ in terms of the internuclear coordinate R and the scaled electronic coordinate rЈϭr/R. They showed how to remove terms that couple electronic and nuclear motion by a transformation to a generalized adiabatic coordinate that depends explicitly on rЈ. It is worth noting that this slow coordinate is simply related to the hyperradius. Also, the Solov'ev-Vinitsky Hamiltonian yields our Hamiltonian if the origin of rЈ is placed at the center of mass of the nuclei and it is written in terms of spheroidal coordinates.
Struensee et al. ͓24͔ diagonalized the HD ϩ Hamiltonian in the center of mass of the nuclei, in a basis of body-fixed wave functions of definite angular momentum along the internuclear axis. These wave functions were constructed from a Slater orbital expansion to obtain adiabatic energy levels, transition energies, and dipole matrix elements.
In this work, we give an adiabatic formulation of HD ϩ in PSC's that preserves the essential physics of the symmetry breaking. This physics is captured by including in the adiabatic Hamiltonian precisely the parts of the nuclear kinetic energy needed to give the correct asymptotic atomic reduced masses. We demonstrate numerically that the adiabatic potential energies converge to the correct fragmentation thresholds. We present accurate calculations of the HD ϩ potentialenergy curves, coupling matrix elements, transition dipole matrix elements, vibrational energies, and transition frequencies. The chief advantages of this method are that we ͑a͒ recover the correct isotopic splitting in the adiabatic approximation, ͑b͒ calculate wave functions for nuclear motion that can be systematically improved, and ͑c͒ investigate effects beyond the adiabatic approximation for which we can calculate accurate coupling matrix elements. Here we limit ourselves to the determination of the vibrational energies. The scattering calculation using the potentials and couplings found here is in progress. We also present the dependence of the vibrational energies on the number of adiabatic channels. The energies obtained for a given number of channels are variationally stringent upper bounds to vibrational energies. In particular, this is true even for a one-channel calculation if the diagonal correction terms are included.
In an attempt to clarify possible ambiguities in terminology, we will define our use of the terms ''BO approximation'' and ''adiabatic approximation.'' By the BO approximation, we refer to the approximation in which the electronic Hamiltonian includes the electronic kinetic energy and the Coulomb interactions. The nuclear masses can either be taken to be infinite as is usually the practice, or they can be taken to be finite through their effect on the electronic reduced mass. The term adiabatic approximation will be reserved to label the more general approximation we develop here, in which some nuclear rotation and radial kinetic energy are included in the adiabatic Hamiltonian. Nonadiabatic effects can be taken into account in both approaches once the radial first and second derivatives are calculated.
II. THEORETICAL DISCUSSION

A. Adiabatic Hamiltonian construction
In this section, we present the adiabatic formulation for a general one-electron diatomic ion. In particular, for nuclei A and B with masses m A and m B , and charges Z A and Z B ͑see Fig. 1͒ , we consider the nonrelativistic Hamiltonian in the center of mass:
This expression is written in atomic units ͑which will be used throughout this work͒, and the reduced masses are given by PRA 60
In considering the N-electron diatomic molecule, Pack and Hirschfelder ͓25͔ labeled these coordinates the center-ofmass nuclei system, since the origin of electronic coordinates is placed at the center-of-mass of the nuclei. But, for the one-electron case, this system of coordinates simply reduces to the Jacobi coordinates for the three-body system. The Jacobi coordinates, supplemented by the center-of-mass position in lab coordinates, are related by an orthogonal transformation to the lab coordinates of the particles. This leads to the absence of a mass polarization term in Eq. ͑1͒. A main goal of the present development is to obtain the correct finite mass asymptotic thresholds in the zeroth order of approximation. In the case of HD ϩ , this means that the 1s and 2p potential curves will be split by 29 cm Ϫ1 . To this end, our guiding principle in defining the adiabatic Hamiltonian will be to include as much of the full Hamiltonian ͓Eq. ͑1͔͒, as possible, while retaining the internuclear distance R as the adiabatic parameter, i.e., retaining the concept of potential curves. This was also the approach taken by Pack and co-workers ͓24-26͔, although our implementation differs significantly from theirs. Our initial step, however, is identical to theirs. That is, we rewrite the nuclear orbital angular momentum L in terms of the total orbital angular momentum J, and the electronic orbital angular momentum l. Explicitly, with JϭLϩl, we have
The operators J Ϯ and l Ϯ are the usual angular momentum ladder operators for the total and electronic orbital angular momenta, respectively. Following the prescription of Pack and Hirschfelder ͓27͔ ͑save for the R Ϫ5/2 factor͒, we expand the total internal wave function ⌿ as
where and are the lab-fixed spherical polar coordinates of R, and represents all of the quantum numbers needed to label the adiabatic channel functions ⌽ ⌳ ͑the purpose for using the R Ϫ5/2 factor will become clear shortly͒. The tilde indicates that the Wigner D function is normalized over two angles rather than three, i.e., D ⌳M (J) ϭͱ2Jϩ1/4D ⌳M (J) ͓26͔. This expansion has the dual purpose of transforming the wave function to the body frame. ͑For comments on the subtleties of using the ladder operators in the body frame, see Pack and Hirschfelder ͓27͔ and Pack ͓26͔.͒ We now reach the primary point of departure with the HD ϩ development of Pack and co-workers ͓24,26͔. Whereas they solved the adiabatic equation via an expansion over atomic orbitals, we write the electronic coordinates in terms of PSC's and solve the resulting two-dimensional ͑2D͒ equation using B splines ͑the details of the numerical treatment will be given in Sec. II B͒. Historically, PSC's have been used for the homonuclear H 2 ϩ and D 2 ϩ systems because they allow the separation of the BO equations. The solutions are normally expanded in series and have been tabulated in the literature ͓28-30͔. To the best of our knowledge, their use for heteronuclear systems has been limited to the generation of a BO basis which, in turn, is used to expand the electronic wave functions.
In the center-of-mass system, the PSC are defined just as in the geometric center of the nuclei ͑GCN͒ system:
plus the azimuthal angle that ranges from 0 to 2. The 6D volume element for the relative coordinates is
and the electronic Laplacian has the usual prolate spheroidal definition
Because the spheroidal coordinates depend on R, the effect on the nuclear radial derivatives of transforming to spheroidal coordinates must be considered. At this point, these derivatives are evaluated holding the body-frame Cartesian coordinates fixed. It is preferable, however, to evaluate them holding the spheroidal coordinates fixed instead. The consequence of working in the center-of-mass frame rather than in the GCN frame now appears since the only difference between the two coordinate systems is a translation in the Cartesian coordinate z,
where ␣ is the mass asymmetry parameter defined as
Thus, upon using the chain rule to rewrite the radial part of the nuclear Laplacian, we find
keeping in mind that the radial derivatives are acting on the wave function in Eq. ͑4͒ and are taken holding fixed. The origin of the factor R Ϫ5/2 in Eq. ͑4͒ is now evident-it prevents the first derivative on the left-hand side of Eq. ͑6͒ from appearing on the right-hand side, and it accounts for the R 5 in the volume element, Eq. ͑5͒. The operator Y in Eq. ͑6͒ involves only electronic coordinates and is defined as
For homonuclear systems, this definition corresponds precisely to the standard definition of Y ͓31͔, since the mass asymmetry parameter ␣ is then zero.
To define the adiabatic Hamiltonian, we need only combine Eqs. ͑1͒, ͑3͒, and ͑6͒, while keeping R fixed. Care must be taken, however, as the last term in Eq. ͑6͒ is not Hermitian. Using the fact that
͑7͒
this term can be readily decomposed into its Hermitian and anti-Hermitian parts, and a Hermitian adiabatic Hamiltonian constructed. Finally, we have the following definition for the adiabatic Hamiltonian:
The full Hamiltonian in the CMN is thus given by
In defining the adiabatic Hamiltonian we have chosen to include the term involving the angular momentum ladder operators-the Coriolis coupling term-in the full Hamiltonian rather than in the adiabatic Hamiltonian. From a purely fundamental point of view, however, it would be preferable to include this term in H ad for two reasons. Including the Coriolis coupling term in H ad would leave only radial kinetic energy out of the adiabatic diagonalization. In addition, the adiabatic potentials would themselves already show ⌳ doubling due to the electronic-rotation coupling. The drawback to this approach, however, is that the adiabatic Schrödinger equation becomes a system of 2Jϩ1 coupled equations that would have to be resolved for each value of the total angular momentum, J. This is, in fact, the prescription Struensee et al. followed in Ref. ͓24͔. It yields accurate zeroth-order solutions, but it also limits the utility of an adiabatic approximation. Our choice of H ad reduces the generation of ͑approximate͒ adiabatic potentials for arbitrary J to the simple addition of a centrifugal term to the Jϭ0 curves. If spectroscopic accuracy for higher J's is desired, the Coriolis coupling can be included once the matrix elements of the electronic orbital angular momentum ladder operators are known in the adiabatic channel function basis. For most other purposes, however, the simple addition of the centrifugal barrier suffices. We note that the adiabatic Hamiltonian has the proper asymptotic properties; it gives the correct isotopic splitting and at R→ϱ, it yields the Jacobi reduced masses on each center, A Ϫ1 ϭ1ϩ(1/m A ) and B Ϫ1 ϭ1ϩ(1/m B ). For completeness, we now give the expression for the electronic orbital angular momentum in spheroidal coordinates. The most straightforward way to obtain this expression is to begin with the spherical polar coordinate form:
Next, noting that
it is possible to evaluate l 2 . Given the adiabatic Hamiltonian ͓Eq. ͑8͔͒, the channel functions and potentials are found by solving
Finally, the equations satisfied by the radial wave functions
The coupling matrices P and Q in the above expression include the nonadiabatic effects resulting from the action of the nuclear radial derivatives on the channel functions. Explicitly,
and the Coriolis coupling matrix elements are
It is immediately evident from the above expressions that the first-and second-order radial couplings P ⌳ and Q ⌳ are not the standard radial coupling matrix elements found in the literature. The added terms, which include the Y operator, ensure that Eq. ͑12͒ accounts for the full Hamiltonian. This division of terms results in an adiabatic Hamiltonian that correlates to hydrogenic thresholds with appropriate reduced masses, but introduces a term in the coupling matrix elements whose origin is the same as the so-called ''translational factor'' problem ͓23͔. The asymptotic form of the second term in the first-order coupling matrix element in Eq. ͑13͒, (Y ϩ 3 2 ), behaves as R. This means that whereas the first term, ‫,‪R‬ץ/ץ‬ reaches infinity as 1/R, the second term goes to a constant as R approaches infinity; this constant is proportional to 1/(1ϩm A ) ͓32͔.
For J 0, P and Q retain their definitions in Eqs. ͑13͒ and ͑14͒ and still couple only those channels with the same ⌳. The Coriolis coupling term, however, couples ⌳ and ⌳Ϯ1 channels-⌺ and ⌸ coupling in the case of Jϭ1, for instance. Nonetheless, certain further approximations to Eq. ͑12͒ are useful. For instance, neglecting P and Q altogether decouples the adiabatic channels. The solution of the resulting single-channel equation for each channel gives the adiabatic vibrational energy levels. Including only the diagonal elements of Q preserves the simple decoupled form, and yields upper bounds to the exact vibrational energies for the lowest channel. And, of course, by the variational principle, a truncation in the number of electronic states included in Eq. ͑12͒ also provides upper bounds to the exact vibrational energies for the lowest channel.
Even though we use PSC's, the adiabatic Hamiltonian in Eq. ͑8͒ is nonseparable. The nuclear angular momentum and kinetic energy contributions ͑recall that the terms involving Y arose from the radial nuclear kinetic energy͒ to H ad are nonseparable even in the homonuclear limit ␣ϭ0. Despite this nonseparability, the PSC's are still well suited to this problem. Furthermore, the present adiabatic formulation can be useful even for the homonuclear problem. The advantage over the standard approach is that the potentials still go to the correct, finite mass separated-atom limit.
B. Numerical analysis
To obtain the channel functions and potentials, the adiabatic equation ͑11͒ must be solved. The dependence of the adiabatic wave function can be trivially separated, and a two dimensional equation in (,) remains. Thus, the simplification gained in having the best zeroth order adiabatic solutions is partially offset by the increased numerical complication of solving a two-dimensional partial differential equation. Such equations, however, can be handled readily on an average workstation using a convenient finite representation such as the discrete variable representation ͓33͔, finite elements ͓4,34͔, or B splines ͓35͔. As stated above, we have chosen to use B splines for the present work.
B splines ͑or basis splines͒ are piecewise polynomials defined to have a finite extent on a grid. For example, a spline constructed from kth-order polynomials in each grid interval spans kϩ2 grid points or kϩ1 intervals, and is zero outside of this region. Since they are splines, the coefficients of the polynomials are chosen to ensure continuous derivatives up to the kth derivative across each boundary between intervals, i.e., at the grid points. For the purposes of solving the adiabatic equation, the B splines can simply be regarded as a set of functions on which to expand the wave function. The channel function is thus written as
The wave function is characterized by the M ϫN expansion coefficients c mn () describing its dependence on the sets of B spline functions ͕u m ͖ and ͕v n ͖. If N and N are the number of mesh points in each direction, then the upper limits of the sum in this expansion are determined by M ϭN ϩkϪ2 and NϭN ϩkϪ1, where kϭ5 in the present calculations. These limits take into account the boundary conditions that ⌽ must be finite at ϭ1 and ϭϮ1, and that ⌽ vanishes at ϭ max . Substituting ⌽ ⌳ (R;r) from Eq. ͑15͒ into the adiabatic equation and projecting out u m Ј ()v n Ј () gives the matrix equation
.
͑16͒
The Hamiltonian matrix in the adiabatic approximation H ad is defined as ͓using the mapping iϭ(nϪ1)M ϩm͔
and the overlap matrix S as
͑18͒
Since these integrals must be evaluated numerically, it is advantageous to split the two-dimensional integrals into products of one-dimensional integrals wherever possible. The electronic kinetic energy, Coulomb potential energy, and overlap matrix elements all separate. For the terms arising from the nuclear rotation and kinetic energy, this separation is not possible, however, and two-dimensional integrations must be performed. All integrals are evaluated using GaussLegendre quadrature within each interval.
There is an additional manipulation that makes the numerical evaluation of these nonseparable integrals more stable and accurate. For both the electronic orbital angular momentum l 2 and the (Y ϩ3/2) 2 term, the direct evaluation of the operator leads to problematic singularities at the nuclei, (,)ϭ(1,Ϯ1). These singularities become less troublesome if use is made of the adjoint of the operator in question within the integral. For the l 2 term, we rewrite the matrix element of the portion of Eq. ͑9͒ for arbitrary functions and as
The electronic orbital angular momentum can now be readily evaluated within the prolate spheroidal B-spline basis using Eq. ͑10͒. For the (Y ϩ3/2) 2 term, the approach is even simpler since the integral is initially written in PSC's. Using Eq. ͑7͒, we find
The efficient numerical solution of Eq. ͑16͒ requires a knowledge of the structure of the Hamiltonian and overlap matrices. Because the B splines are strictly localized, the matrices H and S are banded. Banded matrices offer the benefit of reduced storage requirements compared to full matrices as well as more favorable scaling of the CPU time with the matrix dimension. Since each spline only overlaps the nearest k splines, the number of nonzero subdiagonals ͑or superdiagonals͒ is given for the present case by N kϩk ϩ1. Note that this number would be N kϩkϩ1 had the mapping iϭ(mϪ1)Nϩn been used for Eqs. ͑17͒ and ͑18͒ instead.
The benefits of the banded structure of the matrices in Eq. ͑16͒ can then be gained in the numerical solution of Eq. ͑16͒ through the use of routines from ARPACK ͓36͔. ARPACK is a robust set of matrix eigenvalue routines based on a variant of the Lanczos algorithm ͓37͔ that are specifically designed for large sparse systems of equations.
The efficiency of the method is further improved if the (,) grid is optimized. Recalling that ϭ(r A ϩr B )/R, one immediate improvement can be made by setting the maximum value of as
where r 0 is chosen large enough that the wave function for the atomic state with the largest desired hydrogenic principal quantum number n fits within a distance r 0 from each center (r 0 ϭ50 a.u. in our calculations͒. The remaining optimization comes in choosing the grid point distribution. Even though the spheroidal coordinates largely handle the singularities at each nuclei, the additional measure of packing grid points near each center accounts for the fact that the wave functions become localized near the nuclear centers. In these calculations, we have chosen the distribution to be i ϭ͓⌬ (i Ϫ1)͔ 2 ϩ1, iϭ1, . . . ,N , and the distribution to be i ϭ Ϫcos͓(iϪ1)⌬ /2͔, iϭ1, . . . ,N . Using ͓1, max ͔ and ͓Ϫ1,1͔, the grid spacing parameters ⌬ and ⌬ can be determined from the above expressions once N and N have been chosen. In the present calculations, N ϭ60 and N ϭ120.
We also use B splines to solve the coupled radial equations ͓Eq. ͑12͔͒. The matrices are again banded, and the same numerical techniques can be used. The only specialization needed is for the grid point distribution. Our choice of (R)/8 for the radial grid spacing, with (R) the local radial wavelength 2/ͱU 1s 0 (ϱ)ϪU 1s 0 (R), gives accurate results. Additional points must be added near avoided crossings, where radial derivative coupling elements are large, to represent rapid changes in the radial wave functions.
FIG. 2.
The adiabatic potential-energy curves for the ⌺ symmetry. Only those potential curves converging to nр4 hydrogenic thresholds are shown. Note that the horizontal axis has been scaled to the square root of the internuclear separation and that the vertical axis is given as the effective quantum number (R)ϭ"Ϫ2U 0 ϫ(R)… Ϫ1/2 .
FIG. 3. ͑a͒
The 1s and 2p electronic adiabatic potential curves dissociating to H ϩ ϩD(1s) and H(1s)ϩD ϩ , respectively. The inset shows that the adiabatic Hamiltonian correctly recovers the splitting of the dissociation limits, and ͑b͒ the potential curves correlating to the first-excited states of hydrogen and deuterium.
III. RESULTS
In Fig. 2 , we present our calculated adiabatic potential energy curves for HD ϩ for the ⌺ (Jϭ0) symmetry. The conversion factors used in this work are as follows ͓38͔:
The horizontal axis has been scaled to the square-root of the internuclear distance, and the vertical axis gives an effective quantum number, (R)ϭ"Ϫ2U 0 (R)…
Ϫ1/2
. The 20 lowest HD ϩ potential curves are presented which correlate to hydrogenic dissociation thresholds up to nϭ4. In Fig. 3 , we give the adiabatic potential energy curves which separate to H(nр2) and D(nр2) atomic levels. The inset in Fig. 3͑a͒ shows the splitting of the electronic energies, due to the unequal masses of the proton and deuteron, as the molecules separate to two distinct dissociation limits. Because the symmetry under the exchange of the two nuclei is broken, the adiabatic potential curves within each molecular symmetry exhibit avoided crossings, whereas the BO curves would show real crossings. The electronic curves which dissociate into H(nϭ2)ϩD ϩ and D(nϭ2)ϩH ϩ limits are given in Fig. 3͑b͒ . We note that these curves couple to each other and to other electronic potential energy curves.
In Fig. 4 , the two lowest adiabatic potential energies for four different approximations are compared at Rϭ750 a.u. The first is the infinite mass BO result in which both the D(1s) and H(1s) thresholds lie at Ϫ0.5 a.u. The second shows the effect of modifying the electron's reduced mass to reflect the finiteness of the nuclear masses, Eq. ͑2͒. This small change alone recovers a substantial fraction of the necessary shift, but the two thresholds remain degenerate. Once the effect of the nuclear orbital angular momentum is taken into account, indicated in the figure as BOϩL 2 , the thresholds are no longer degenerate, but still only about two-thirds of the full isotopic splitting is recovered. The final approximation is just Eq. ͑8͒ which goes beyond BOϩL 2 by including a piece of the nuclear radial kinetic energy through (Y ϩ3/2) 2 . This approximation recovers the full isotopic splitting to nine significant digits already at this value of R ͑the   FIG. 4 . The threshold energies ͑in a.u.͒ for the two lowest electronic states in HD ϩ , in different levels of approximation. The calculated energies are at an internuclear distance of Rϭ750 a.u.
FIG. 5. ͑a͒
The radial coupling between the two lowest ⌺ electronic states of HD ϩ . The profile is nearly Lorentzian near the avoided crossing at R 0 ϭ12 a.u., and, at small R, its behavior is dictated by the second anti-Hermitian term in Eq. ͑13͒. ͑b͒ The diagonal correction terms for the two lowest states. diagonal corrections contribute only 5.44ϫ10 Ϫ10 and 5.42 ϫ10 Ϫ10 a.u., respectively͒. If we examined the diagonal corrections in either of the BO approximations or even the BO ϩL 2 approximation, they would tend toward constants at large separations to make up for the inadequacy of the zeroth-order potentials. Furthermore, the off-diagonal P matrix elements would also reflect this inadequacy, tending towards constants asymptotically for both the BO and BO ϩL 2 approximations. While our formulation does not suffer from these same difficulties, it retains the small constant coupling described above. For bound vibrational state calculations, these ill-behaved coupling elements do not pose significant difficulties.
The radial coupling between the two lowest adiabatic potential curves, 1s and 2 p, is shown in Fig. 5͑a͒ . This coupling is localized around Rϭ12 a.u., and its shape can, with good accuracy, be represented as
where R 0 ϭ11.79 a.u. and ⌫ϭ2.97 a.u. The small R behavior of P 1s-2p 0 (R) is governed by the second anti-Hermitian term in Eq. ͑13͒ which contributes to the non-Lorentzian profile. At very small R, the 2p curve has a narrow avoided crossing with a higher-lying curve that leads to an abrupt change of character in the coupling elements. In practice, the small-R behavior of the coupling matrix elements is of little consequence for spectroscopic and collision studies, however, as this behavior occurs in the classically forbidden region, where the radial wave functions have vanishing amplitudes. At large R, P 1s-2p 0 falls off exponentially, reflecting the decrease in overlap of the atomic wavefunctions on each center.
In Fig. 5͑b͒ , we present the diagonal correction terms, Q 1s-1s 0 (R) and Q 2p-2p 0 (R) from Eq. ͑14͒, as a function of R. Note that the diagonal correction terms can become positive, as the usual negative definite second-order radial derivative is augmented by the additional term, Ϫ͓(Y ϩ3/2)/R͔(‫ץ/ץ‬R) ͑the Y ϩ3/2 term cannot contribute to diagonal elements of Q). Asymptotically, both of these elements depend on R as R Ϫ2 to leading order. This result is another confirmation that the adiabatic potentials do, in fact, approach the exact atomic thresholds. If they did not, then the diagonal correction would approach a constant value asymptotically in order to produce the necessary shift in the potential to the correct threshold. This effect can be seen in Fig. 5͑b͒ in the opposite R limit, the united-atom limit, in which the diagonal corrections from the present formulation are nonzero. This indicates that united atom limit is not correctly represented by the adiabatic channel functions calculated using Eq. ͑11͒.
The transition dipole matrix elements are shown in Fig. 6 . The dipole matrix elements for parallel transitions are calculated as
where z CMN ϭ(R/2)(ϩ␣) in spheroidal coordinates. Figure 6 only shows the second term in the above equation. Near the united-atom limit, there is little dipole excitation as the mass asymmetry is not evident to the electron. As the centers move away from each other, near the avoided crossing at R 0 ϭ12 a.u., the electric dipole begins to build up as the electron now ''sees'' two different centers. Once the nuclei have traversed the avoided crossing region, the dipole length increases fairly linearly with distance. The offdiagonal dipole matrix element that mediates transitions between the two electronic states vanishes at large separations as expected. In fact, it vanishes exponentially due to the reduction in overlap between the wave functions on each center. The mass asymmetry manifests itself also in the overlaps between the two lowest electronic adiabatic wave functions ⌽ 1s 0 and ⌽ 2p 0 , and their BO counterparts. These overlaps are plotted in Fig. 7 as a function of the internuclear distance. The interchannel and intrachannel overlaps begin, respectively, as 0 and 1, for appreciable distances between the centers. When the nuclei travel through the avoided crossing region, the character of the electronic wave functions in HD ϩ change over a distance of about 3 a.u.; and for RϾ20 a.u., the overlaps approach each other and a near equal mixing of the BO wave functions results. This plot thus demonstrates the breakdown of the BO approximation: within the avoided crossing region, the channel functions show their molecular character and are well approximated by the BO functions; outside the avoided crossing, the channel functions become localized on one center or the other showing their atomic character.
The numerical values for the adiabatic 1s and 2p potential energies and all dipole matrix elements for parallel transitions among the two lowest electronic states are tabulated in Table I as a function of the internuclear distance. The calculations presented here are reported to a distance of R ϭ750 a.u. We emphasize that as a consequence of our definition of the adiabatic Hamiltonian, the united-atom energy limit is not reproduced in our calculation. In Table II , we give the coupling matrix elements for the 1s and 2p electronic states of HD ϩ in the range, 0ϽRϽ30 a.u. Table III gives the calculated Jϭ0 and ⌳ϭ0 bound vibrational levels in cm Ϫ1 for states with primarily 1s character. We confirm that there are 23 bound vibrational levels and give upper bounds to the vibrational energies in the second column of Table III. The upper bounds are obtained when the diagonal correction terms are included in the calculation, and can be compared with the ''improved adiabatic'' results of Ref. ͓24͔ in column 7. The convergence of the energy levels with the number of adiabatic channels included in the coupled equations, Eq. ͑12͒, is illustrated in columns 3-6 of Table III. As expected, the dissociation energies increase as the number of coupled states is increased. In the final level of approximation, 20 adiabatic channels are included, encompassing all the states up to and including the H(nϭ4) and D(nϭ4) dissociation thresholds. Figure 8 gives a graphical demonstration of the behavior of a few selected vibrational energies as a function of the number of channels. The discrepancy with the results of the nonadiabatic calculation of Ref. ͓17͔, which are the best available calculations in the literature, is within a half wave number for the low vibrational levels and less than 0.1 cm Ϫ1 for the vϭ21 level. The variational-perturbation results of Ref.
͓12͔ are shown in column 8. For the last vibrational level, TABLE I. Adiabatic potential energies and transition dipole matrix elements for the two lowest electronic curves in HD ϩ as a function of the internuclear distance. Only the electronic part of the transition dipole operator is included. . We also calculate transition frequencies between dipoleallowed rovibronic energy levels in the 1s potential curve.
Table IV contains our calculated frequencies, neglecting relativistic and radiative effects, and the available observed transitions. Both the initial (Jϭ0) and final (Jϭ1) vibrational energy levels were calculated by coupling adiabatic channels up to H(nϭ4) and D(nϭ4) limits. The Jϭ1 energies were approximated by retaining only the centrifugal term. Strictly speaking, one must include the Coriolis coupling terms in Eq. ͑12͒ to obtain an accurate measure of the final state energies.
IV. SUMMARY
In this work, an adiabatic reformulation of the HD ϩ Hamiltonian that recovers the isotopic splitting of electronic states is presented in the prolate spheroidal coordinate system. The chief difference between our work and other for- FIG. 8 . The dissociation energies for selected vibrational levels ͑shown in boldface in Table III͒ in the 1s potential curve vs the number of electronic states. The zeros are taken to be the respective dissociation energies calculated in Refs. ͓18͔ and ͓14͔ for the last vibrational level. TABLE III. Dissociation energies of the vibrational levels in the 1s electronic potential curve as a function of the number of channels. The energies are given in cm Ϫ1 , and compared with the best calculations in the literature. In columns 3-6, our calculations include those electronic states leading up to each hydrogenic n manifold. The numbers in boldface represent our best results in Fig. 8 19602.804 19602.834 19602.942 19602.956 19602.960 19602.80 19603.0741 19603 mulations of the HD ϩ Hamiltonian is that we place the origin at the nuclear center of mass. This approach allows a more straightforward treatment in which the adiabatic potential-energy curves converge to the correct nonrelativistic fragmentation thresholds since they give the correct atomic reduced masses. Within this framework, we have evaluated the transition dipole matrix elements, radial couplings, vibrational energies, and transition frequencies, thereby providing for a unified treatment of bound and scattering processes. The numerical integrations are handled with basis splines and the convergence of the vibrational energy levels with the number of electronic states is studied.
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